This paper presents a mathematically complete derivation of the minimum-energy divergence-free vector fields of fixed helicity, defined on and tangent to the boundary of solid balls and spherical shells. These fields satisfy the equation ∇×V = λV , where λ is the eigenvalue of curl having smallest non-zero absolute value among such fields. It is shown that on the ball the energy-minimizers are the axially symmetric spheromak fields found by Woltjer and Chandrasekhar-Kendall, and on spherical shells they are spheromak-like fields. The geometry and topology of these minimum-energy fields, as well as of some higher-energy eigenfields, is illustrated. 
I. Introduction
The helicity of a smooth vector field V defined on a domain Ω in 3-space was introduced by Woltjer 1 in 1958 and named by Moffatt 2 in 1969. It is the standard measure of the extent to which the field lines wrap and coil around one another, and is defined by the formula
Woltjer showed, in this same paper, that magnetic helicity and magnetic energy are both conserved in a non-dissipative plasma, and that an energy-minimizing magnetic field V with fixed helicity, if it exists, must satisfy the equation ∇ × V = λV for some constant λ (and thus be a so-called constant-λ force-free field). He also wrote that in a system in which the magnetic forces are dominant and in which there is a mechanism to dissipate the fluid motions, the force-free fields with constant λ are the "natural end configurations".
In 1974, Taylor 3, 4 extended this idea by arguing that in a low-beta plasma (one in which magnetic forces are large compared to the hydrodynamic forces) confined in a vessel with highly conducting walls, the total magnetic helicity will be approximately conserved during the various magnetic reconnections that occur, and the conducting walls will act as a reasonably effective helicity escape barrier, while the magnetic energy of the plasma rapidly decays towards a minimum value. The resulting configuration can be found mathematically by assuming that the helicity remains constant while the energy is minimized.
Towards this end, we showed 5, 6, 7, 8 that among divergence-free vector fields which are tangent to the boundary of a given compact domain in 3-space, the energyminimizers for fixed helicity
• exist, are analytic in the interior of the domain, and are as differentiable at the boundary of the domain as is the boundary itself;
• satisfy an additional boundary condition which says that their circulation around any loop on the boundary must vanish if that loop bounds a surface exterior to the domain;
• satisfy the equation ∇ × V = λV , with λ having least possible absolute value among such fields.
The operator theoretic methods that we use were inspired by the work of Arnold 9 , and seem to provide a uniform and simple approach to finding and analyzing these energy-minimizing fields, as well as to proving their existence and determining their degree of differentiability. The fact that they are constant-λ force-free fields was already known to Woltjer 1 as mentioned above, who argued via a Lagrange-multiplier approach which assumed existence. The existence of these energy-minimizing fields was rigorously established by Laurence and Avellaneda 10 in 1991, via a "constructive implicit function theorem", and was also analyzed by Yoshida and Giga 11, 12, 13 in the early 1990s. The additional boundary condition stated above appears to be new.
In the case that all boundary components of the domain are simply connected (as is true for spherically symmetric domains), this additional boundary condition is automatically satisfied by all curl eigenfields which are tangent to the boundary. For in such a case, any loop on the boundary is itself the boundary of a portion of this surface; the circulation of V around the loop equals the flux of ∇ × V through this surface-portion, and since ∇ × V = λV which is tangent to the boundary, the flux is zero.
In this paper, we solve the equation ∇ × V = λV with these boundary conditions on balls and spherical shells, prove that our set of solutions is complete, and identify the solutions with minimum eigenvalue. Our work confirms that the solutions of Chandrasekhar-Kendall 14 and Woltjer 15,1 on the ball form a complete set of solutions to the problem, and that the minimum eigenvalue fields are the usual spheromak fields as they asserted (see Sec. V, however, for some comments on their method). Moreover, we see how closely the minimum eigenvalue fields on spherical shells resemble the spheromak fields on balls.
Thus, we study the eigenvalue problem
for vector fields defined on a round ball in R 3 , or a spherical shell (the domain between two concentric round spheres in R 3 ). The vector field V must satisfy the additional conditions:
1. V must be divergence-free, i.e., ∇ · V = 0 on the domain.
2. V must be tangent to the boundary of the domain, i.e., if n is the outwardnormal vector to the boundary of the domain, then V · n = 0 everywhere on the boundary.
By abuse of language, we will call vector fields that satisfy all these conditions "eigenfields of curl", and the corresponding eigenvalues "eigenvalues of curl".
We note that under these circumstances, the eigenvalue λ = 0 cannot occur. That is because non-vanishing vector fields which are divergence-free, curl-free and tangent
to the boundary of a compact domain Ω in R 3 can occur, according to the Hodge Decomposition Theorem 8, 16 , only when the one-dimensional homology H 1 (Ω; R) of the domain is non-zero. We also note that a vector field V which satisfies ∇ × V = λV for some non-zero λ is automatically divergence-free.
We prove the following results: 
wherer,θ andφ are unit vector fields in the r, θ and φ directions, respectively, and 
1 , where λ
1 is the smallest of the infinite sequence of positive numbers x k that satisfy 
This vector field is also axisymmetric and is qualitatively like the one on the ball, having a family of concentric tori as invariant surfaces, and exceptional orbits on both the inner and outer spherical boundaries. The invariant surfaces are pictured in An outline of this paper is as follows. Sec. II contains formulas for the curl and other expressions in spherical coordinates that will be used in the remainder of the paper. In Sec. III, we show that the radial component of any eigenfield of curl must satisfy an elliptic boundary value problem whose solutions are expressible in terms of eigenfunctions of the Laplace operator. Based on this observation, the other components of curl eigenfields are calculated in Sec. IV.
In Sec. V, we explain why our set of eigenfields is complete. Then we identify the eigenvalue of smallest absolute value in Sec. VI, and show that among spherically symmetric domains, the ball has the smallest such eigenvalue. Since this eigenvalue is the ratio of energy to helicity, it shows that the ball admits the least energy for given helicity among all spherically symmetric domains of a fixed volume. Finally, in
Sec. VII, we examine some of the other eigenvalues and eigenfields.
II. The curl operator in spherical coordinates.
To fix our notation, we begin by reviewing how to write the curl operator and several related formulas in spherical coordinates. Throughout this paper, we take r, θ and φ to be the standard spherical coordinates. We letr = ∂ ∂r ,θ = 1 r ∂ ∂θ and
be unit vector fields in the r, θ and φ directions respectively.
We will always consider a vector field V (r, θ, φ) with components
For such a vector field, we have that
The eigenvalue equation ∇ × V = λV thus reduces to a system of three partial differential equations:
Since λ = 0, as mentioned earlier, the vector field V is automatically divergence-free (by taking the divergence of both sides of ∇ × V = λV and using the fact that the divergence of a curl is zero). Thus equations (2.1)-(2.3) imply
This is simply the equation ∇ · V = 0 in spherical coordinates.
The requirement that V be tangent to the boundary ∂Ω of our domain Ω is equivalent to the condition
Because the square of the curl is the negative of the Laplacian for divergencefree vector fields, we will need the formula for the Laplacian of a scalar function in spherical coordinates. It is:
(2.5)
It will also be helpful to have the formula for the gradient of a scalar function in spherical coordinates:
We need one more preliminary formula, for the Laplacian of the standard round metric induced on the sphere S 2 (r) of radius r in Euclidean space. Because the Euclidean metric in R 3 is given in spherical coordinates by
it is easy to see that the metric induced on S 2 (r) is
where r is taken to be a constant. The Laplacian with respect to this metric of a function g defined only on S 2 (r) is then
(2.7) In this section we will concentrate on u, ther component of V . Our motivation comes from the fact that for divergence-free vector fields, we have ∇×∇×V = −∆V .
III.r component of the general solution
In rectangular coordinates, ∆V is simply the coordinate-wise Laplacian of V . But in spherical coordinates, this is no longer the case. We concentrate on u because it is the "most rectangular" of the spherical coordinates (in that the integral curves ofr are straight lines) and extract our second-order PDE for u from ther component of
together with the boundary conditions
Proof. The proposition follows from two observations about eigenfields of the curl operator. If ∇ × V = λV and ∇ · V = 0, then ∆V = −λ 2 V . And for any vector field V = ur + vθ + wφ that satisfies ∆V = −λ 2 V and ∇ · V = 0, we have that
To see this, define the vector field R = xi + yj + zk = rr and suppose that in rectangular coordinates V = ai + bj + ck. Then R · V = ru and so
We use formula (2.5) to calculate that ∆r = 2/r and of course ∇r =r; therefore
Divide both sides by r to obtain the equation in the proposition. The boundary conditions follow easily from the fact that u = V · n on the boundary.
This completes the proof of Proposition 1. Our task now is to solve the boundaryvalue problem for u. 
and there is an infinite sequence of values of λ, which we label λ 
cos mφ sin mφ where we shall determine λ from the boundary conditions, and thus far we have that n ∈ {0, 1, 2, . . .} and m ∈ {0, 1, 2, . . . , n}. In this equation J n+ 1 2 and Y n+ 1 2 are Bessel functions of the first and second kinds of order n+ 1 2 , and P m n are associated Legendre functions.
We now turn to the issue of boundary conditions, which will discretize the set of λ that can occur. 
These values of λ (n) k will be our eigenvalues for curl corresponding to the fixed value of n. As in the case of the ball, the multiplicity of λ (n) k is 2n+1. Also, as in the case of the ball, we may not choose n = 0, although the reason for this is more complicated, and we will discuss it at the end of the next section. Ourr components for the region between two concentric spheres are thus
cos mφ sin mφ where n ∈ {1, 2, 3, . . .}, k ∈ {1, 2, 3, . . .} and m runs from 0 to n as before, proving Proposition 3.
IV. An ordinary differential system for theθ andφ components
Now we turn to finding theθ andφ components of our solution to ∇ × V = λV .
We assume that we have in hand a function u(r, θ, φ) that satisfies equation (3.1).
Our first goal is to prove that given any such function u, there is at most one pair of The first of these equations implies that
and the second implies that
Together, these last two equations imply that
We divide this equation by r 2 sin θ and recognize it (using formula (2.7) for the Laplacian on the sphere) as the condition ∆ r (sin θ f) = 0 for each value of r. Thus, the restriction of sin θ f to any sphere centered at the origin is a harmonic function, and is hence constant on the sphere. Because f must be bounded and continuous as remarked above, sin θ f is zero at the north and south poles of the spheres. Therefore cos mφ sin mφ . So we let p = rv and q = rw and note that these equations can be considered to be a system of two ordinary differential equations in p and q with r as the independent variable, and parameters that depend on θ and φ. The equations are
Then for
We need to find a particular solution of this constant-coefficient system of ODEs. We did so by a variation on the method of undetermined coefficients, expanding p and q
where τ ranges over half-integers (i.e., numbers of the form k + Finally, we note that we do not have to worry about any other solutions of the system of ODEs from which we calculated p and q, because the solutions we have already found are smooth, and by Proposition 4, they are the only possible smooth solutions. This completes the proof of Proposition 5.
We have thus calculated all the solutions of ∇×V = λV with the possible exception of solutions that come from Proposition 3 for n = 0 on the domain B  3 (a, b) . We now eliminate this possibility. These imply that
where c 1 and c 2 are smooth functions on the (unit) sphere. Ther component of ∇ × V = λV multiplied by r 2 now becomes the equation:
We substitute two different values of r (that don't differ by 2π/λ) into the equation to see that the two expressions in parentheses must be constants, call them α and β.
If we integrate the first of them over the (unit) sphere, we get that
The integral on the left is zero because sin θ c 1 is zero for θ = 0 and θ = π, and hence its θ-derivative must θ-integrate to zero, and c 2 is 2π-periodic in φ so its φ-derivative 
V. Completeness and comparison with Chandrasekhar-Kendall solutions
Chandrasekhar and Kendall 14 gave a method for constructing solutions of ∇×V = λV from scalar eigenfunctions of the Laplace operator (solutions of ∆u = −λ 2 u) and simple (usually parallel) vector fields. We reviewed this technique 6 , and showed that, although it missed some of the eigenfields of ∇ × V = λV on the flat solid torus, it did find all those which are divergence-free and tangent to the boundary.
The vector fields constructed in the preceding section constitute all of (or at least a basis for, since all of the eigenvalues are multiple) the eigenfields of ∇ × V = λV that are divergence-free and tangent to the boundary of the ball B On the ball, all of these vector fields were found by Chandrasekhar and Kendall 14 ,
where there was no discussion of their completeness as solutions of the boundary-value problem. We have written our solutions so that they can be immediately recognized as the same as their equations (12), (13) and (14), although they have a misprint in equation (13) . The new aspects of our work are to find the solutions on spherical shells as well as balls, and to demonstrate the completeness and energy-minimizing properties of our solutions.
VI. Energy minimizers
To find the energy-minimizers on our domains B 3 (b) and B 3 (a, b), we have to find the eigenvalues of ∇×V = λV having smallest nonzero absolute value. Since we have in our possession all of the solutions of this equation, the task is not too difficult. We will prove the following:
1 , in the notation of Propositions 2 and 3.
Proof. Since the eigenvalues certainly satisfy
(since these are successive zeroes of some combination of Bessel functions), in order to prove the proposition, it is sufficient to show that
Recall from Propositions 2 and 3 and their proofs that the eigenvalues λ . Moreover, the "next" zero of f(x) must be closer to a than that of g(x).
In order to apply Sturm's theorem to our problem, we need to make a change of variables to eliminate the first-order term in the differential equation. If we define
, then F will satisfy the equation
Suppose F
1 is the solution of our equation that satisfies F
1 (x) > 0 for all x between a and b, and F (1)
For any λ < λ
1 , and any n > 1, we will certainly have
Sturm's theorem tells us that no nonzero F corresponding to such values of λ and n can satisfy F (a) = F (b) = 0. Therefore all of the other eigenvalues of the boundaryvalue problem at hand must be larger than λ
1 . Repeated application of the argument will prove the stronger inequality λ 
From this data one can infer (correctly) that among all spherically symmetric domains with a given volume, the ball has the smallest value of λ
1 , i.e., it supports the field of smallest energy for given helicity in a given volume. This is reminiscent of the situation for Dirichlet eigenvalues of the Laplace operator 21 , where the ball has the smallest possible λ 1 among all domains of the same volume in 3-space. On the other hand, we have shown 22 that the ball does not support the field of smallest energy for given helicity among all (not necessarily spherically symmetric) domains of the same volume in 3-space.
All of the eigenfields corresponding to the first eigenvalue on spherically symmetric domains are axially symmetric. The multiplicity of the eigenvalue λ 
VII. Other eigenfields
It is interesting to examine the nature of the eigenfields of our problem for the curl operator corresponding to the other eigenvalues λ 
1 , λ
2 , λ
1 and λ
2 below. The first three plots are in Figure 4 , and the last three are in Figure 5 . 
2 and λ
2 vector fields on a spherical shell. 
2 vector fields on a spherical shell.
We see that there are k radial layers of n families each. This topological arrangement is independent of the values of a and b in B 3 (a, b).
It is also interesting to calculate the eigenvalues to learn about the ordering of the energies of the eigenfields. We learn that as the spherical shell gets thinner and thinner, it is possible to expend less energy for given helicity by having a single radial layer with many families of tori (n large and k = 1) rather than to have even two layers with a single family each (n = 1, k = 2). Tables 2, 3 
VIII. Summary and Conclusions
We have given a complete proof that every eigenfield of curl (equivalently, constant-λ force free field) which is divergence-free and tangent to the boundary of a spherically symmetric domain in 3-space is one of the fields described in Propositions 2, 3 and 5;
that the only possible values for λ are the λ (n) k ; and that λ
1 is the least among them (Proposition 7).
These facts, together with our previous work 7,8 on helicity and energy, allow us to conclude that the Taylor state for a low-beta plasma in a spherically symmetric vessel with highly conducting walls must be the spheromak field derived by ChandrasekharKendall 14 and Woltjer 1, 15 in the case of a solid ball, and the spheromak-like fields derived in this paper in the case of a spherical shell.
We have also observed that the topology of the field with eigenvalue λ In addition, we proved that the eigenvalue λ (1) 1 on the ball is minimal among all the eigenvalues on spherically symmetric domains of the same volume. However 22 , there are other domains (not spherically symmetric) of equal volume on which the minimal eigenvalue is smaller than that on the ball.
